Abstract. The present paper deals with the study of warped product pointwise bi-slant submanifolds of Kenmotsu manifolds with an example. The characterization for such submanifold is also discussed. An inequality of such submanifold is obtained and its equality case is also considered.
Introduction
In [35] Tanno classified connected almost contact metric manifolds whose automorphism groups possess the maximum dimension. For such a manifold, the sectional curvature of plane sections containing ξ is a constant, say c, which that they could be divided into three classes: (i) homogeneous normal contact Riemannian manifolds with c > 0, (ii) global Riemannian products of a line or a circle with a Kähler manifold of constant holomorphic sectional curvature if c = 0 and (iii) a warped product space R × f C n if c < 0. It is known that the manifolds of class (i) are characterized by admitting a Sasakian structure. The manifolds of class (ii) are characterized by a tensorial relation admitting a cosymplectic structure. Kenmotsu [23] characterized the differential geometric properties of the manifolds of class (iii) which are nowadays called Kenmotsu manifolds and later studied by several authors (see [17] , [18] , [19] and references therein).
In 1990, Chen [8] introduce the notion of slant submanifolds in a Hermitian manifold. Then Lotta [28] has defined and studied slant immersions of a Riemannian manifold into an almost contact metric manifold. As a natural generalization of slant submanifolds Etayo [14] defined the notion of pointwise slant subamnifolds under the name of quasi-slant submanifolds. Pointwise slant submanifolds in almost contact metric manifold is studied in ( [29] , [34] ). On the other hand, Carriazo [7] defined and studied bi-slant submanifolds in almost Hermitian manifolds and simultaneously gave the notion of pseudo-slant submanifolds. Then Khan and Khan [24] studied contact version of pseudo-slant submanifolds. Bi-slant submanifolds of Kenmotsu space form is studied in [33] .
As a generalization of Riemannian product manifold Bishop and O'Neill [6] defined and studied warped product manifolds. The study of warped product submanifolds was initiated by Chen ([9] , [10] ). Then many authors studied warped product submanifolds of different ambient manifold ( [12] , [20] - [22] , [32] ). In this connection it may be mention that warped product submanifolds of Kenmotsu manifold are studied in ( [1] , [2] , [3] , [25] , [26] , [31] , [36] , [37] , [38] ). Recently, Chen and Uddin [13] studied pointwise bi-slant submanifolds of Kaehler manifold. Also, Khan and Shuaib [26] studied pointwise pseudo-slant submanifolds in Kenmotsu manifolds. Motivated by the above studies the present paper deals with the study of warped product pointwise bi-slant submanifolds of Kenmotsu manifolds. The paper is organized as follows. Section 2 is concerned with some preliminaries. Section 3 deals with the study of pointwise bi-slant submanifolds of Kenmotsu manifold. In section 4, we have studied warped product pointwise bi-slant submanifolds of Kenmotsu manifold with an interesting example. In section 5, we have found the characterization for warped product pointwise bi-slant submanifolds of Kenmotsu manifolds. Section 6 is concerned with an inequality on warped product pointwise bi-slant submanifold of Kenmotsu manifold whose equality case is also considered.
Preliminaries
An odd dimensional smooth manifoldM 2m+1 is said to be an almost contact metric manifold [5] if it admits a (1, 1) tensor field φ, a vector field ξ, an 1-form η and a Riemannian metric g which satisfy
for all vector fields X, Y onM . An almost contact metric manifoldM 2m+1 (φ, ξ, η, g) is said to be Kenmotsu manifold if the following conditions hold [23] :
where∇ denotes the Riemannian connection of g. Let M be an n-dimensional submanifold of a Kenmotsu manifoldM . Throughout the paper we assume that the submanifold M ofM is tangent to the structure vector field ξ.
Let ∇ and ∇ ⊥ be the induced connections on the tangent bundle T M and the normal bundle T ⊥ M of M respectively. Then the Gauss and Weingarten formulae are given by
, where h and A V are second fundamental form and the shape operator (corresponding to the normal vector field V ) respectively for the immersion of M intoM . The second fundamental form h and the shape operator A V are related by g(h(X, Y ),
, where g is the Riemannian metric onM as well as on M.
The mean curvature H of M is given by H = 1 n trace h. A submanifold of a Kenmotsu manifoldM is said to be totally umbilical if
Let {e 1 , · · · , e n } be an orthonormal basis of the tangent bundle T M and {e n+1 , · · · , e 2m+1 } an orthonormal basis of the normal bundle T ⊥ M. We put
, e r ) and h 2 = g(h(e i , e j ), h(e i , e j )),
For a differentiable function f on M, the gradient ∇f is defined by
for any X ∈ Γ(T M). As a consequence, we get (2.10)
For any X ∈ Γ(T M) and V ∈ Γ(T ⊥ M), we can write
where P X, bV are the tangential components and QX, cV are the normal components. A submanifold M of an almost contact metric manifoldM is said to be invariant
A submanifold M of an almost contact metric manifoldM is said to be slant if for each non-zero vector X ∈ T p M, the angle θ between φX and T p M is a constant, i.e. it does not depend on the choice of p ∈ M.
Definition 2.1. [29] A submanifold M of an almost contact metric manifold M is said to be pointwise slant if for any non-zero vector X ∈ T p M at p ∈ M, such that X is not proportional to ξ p , the angle θ(X) between φX and T * p M = T p M − {0} is independent of the choice of non-zero X ∈ T * p M. If M be a pointwise slant submanifold of an almost contact metric manifold M the following relations holds:
for any X, Y ∈ Γ(T M). We now recall the following: 
Pointwise bi-slant submanifolds
In this section, we define and study pointwise bi-slant submanifold of Kenmotsu manifold.
Definition 3.1. [13] A submanifold M of an almost contact metric manifoldM is said to be a pointwise bi-slant submanifold if there exists a pair of orthogonal distribution and both θ 1 , θ 2 are not constant on M, then M is called proper pointwise bi-slant submanifold. If M is a pointwise bi-slant submanifold ofM then for any X ∈ Γ(T M) we have
where T 1 and T 2 are the projections from T M onto D 1 and D 2 , respectively. If we put P 1 = T 1 • P and P 2 = T 2 • P then from (3.1), we get
For a proper pointwise bi-slant submanifold M of a Kenmotsu manifoldM , the normal bundle of M is decomposed as
where ν is a φ-invariant normal subbundle of M. Now, we find the following lemma for a pointwise bi-slant submanifold M of Kenmotsu manifoldM . 
Using (2.5), (2.7), (2.15), orthogonality of the distributions and symmetry of the shape operator, the above equation reduces to
from which the relation (3.5) follows. Also, for X ∈ Γ(D 1 ) and Z, W ∈ Γ(D 2 ), we have
from which the relation (3.6) follows.
Corollary 3.1. Let M be a pointwise bi-slant submanifold ofM with pointwise slant distributions D 1 and D 2 having distinct slant functions θ 1 and θ 2 , respectively. Then the distribution D 1 ⊕ {ξ} defines a totally geodesic foliation if and only if
Proof. It follows from (3.5).
Corollary 3.2. Let M be a pointwise bi-slant submanifold ofM with pointwise slant distributions D 1 and D 2 having distinct slant functions θ 1 and θ 2 , respectively. Then the distribution D 2 defines a totally geodesic foliation if and only if
Proof. It follows from (3.6) 4. Warped product pointwise bi-slant submanifolds Definition 4.1.
[6] Let (N 1 , g 1 ) and (N 2 , g 2 ) be two Riemannian manifolds with Riemannian metric g 1 and g 2 respectively and f be a positive definite smooth function on N 1 . The warped product of N 1 and N 2 is the Riemannian manifold
A warped product manifold N 1 × f N 2 is said to be trivial if the warping function f is constant. Let M = N 1 × f N 2 be a warped product manifold, then we have [6] 
for any X, Y ∈ Γ(T N 1 ) and U ∈ Γ(T N 2 ). Now we construct an example of warped product pointwise bi-slant submanifold of Kenmotsu manifold.
Example 4.1. We considerM = R 13 with the cartesian coordinates (X 1 , Y 1 , · · · , X 6 , Y 6 , t) and with its usual Kenmotsu structure (φ, ξ, η, g), given by
Now, we consider a submanifold of R 13 defined by the immersion χ as follows:
χ(u, v, θ, φ, t) = (u cos θ, v cos φ, u sin θ, v sin φ, u cos φ, v cos θ, u sin φ, u sin θ, 3θ + 2φ, 2θ + 3φ, 0, 0, t).
Then, it is easy to see that
form a local orthonarmal frame of T M. Also, we have 
and g(h(X, Z), QW ) − g(h(X, W ), QZ) = tan θ 2 X(θ 2 )g(P 2 Z, W ), (4.4) for any X ∈ Γ(T M 1 ) and Z, W ∈ Γ(T M 2 ).
Proof. For any X ∈ Γ(T M 1 ) and Z, W ∈ Γ(T M 2 ), we have from (4.2) that
Also, we have
Using (2.5)-(2.7) and (2.15), the above equation yields
Using (4.2) in the above equation, we obtain
Using (2.12) and (4.5), (4.6) yields
The relation (4.3) follows from (4.7) and (4.4) obtained from (4.3) by interchanging Z by P 2 Z. 
Proof. For any X ∈ Γ(T M 1 ) and Z, W ∈ Γ(T M 2 ), we have
Using (4.2) in the above equation, we get
By polarization, we obtain g(h(X, W ), QZ) = −(P 1 X ln f )g(W, Z) + g(h(Z, W ), QX) (4.10)
Subtracting (4.10) from (4.9), we get
Interchanging Z by P 2 Z in (4.11), we get (4.8). Proof. For any X ∈ Γ(T M 1 ) and Z, W ∈ Γ(T M 2 ) from (4.3) and (4.8) , we have
Since M is proper so θ 2 = π 2 and hence from (4.12), we get [(X ln f ) − η(X) + tan θ 2 X(θ 2 )]g(Z, W ) = 0, which implies that (X ln f ) = η(X) − tan(θ 2 )X(θ 2 ). This proves the theorem.
A warped product submanifold M = M 1 × f M 2 of a Kenmotsu manifoldM is known to be mixed totally geodesic if h(X, Z) = 0, for any X ∈ Γ(T M 1 ) and Z ∈ Γ(T M 2 ). 
Proof. If M be mixed totally geodesic then from (4.8) we get cos 2 θ 2 [(X ln f ) − η(X)]g(Z, W ) = 0. From which we get either cos 2 θ 2 = 0 i.e., θ 2 = π 2 or (X ln f ) = η(X) and hence the theorem is proved. 
Proof. For any X, Y ∈ Γ(T M 1 ) and Z ∈ Γ(T M 2 ), we have
By virtue of (2.5), (3.2) yields
from which the relation (4.13) follows. Also for any X ∈ Γ(T M 1 ) and Z, W ∈ Γ(T M 2 ), we have
By virtue of (2.5) and (3.2), the above equation yields
Using (2.7) and (4.2) in (4.19), we get (4.14). The relations (4.15) and (4.16) can be derived from (4.14) by replacing X by P 1 X and W by P 2 W , respectively. Subtracting (4.16) from (4.15), we get (4.17). Now, interchanging W by P 2 W in (4.15), we can derive
If we interchange Z by P 2 Z in (4.14) and (4.15) then, we obtain
and
Interchanging W by P 2 W in (4.21) and (4.22), we get
characterization of warped product pointwise bi-slant submanifold
In this section we found the characterization for a warped product pointwise bi-slant submanifold of Kenmotsu manifold. 
for any X ∈ Γ(D 1 ⊕ {ξ}) and Z ∈ Γ(D 2 ) and for some function µ on M satisfying (W µ) = 0, for any W ∈ Γ(D 2 ).
Proof. Let M = M 1 × f M 2 be a warped product submanifold ofM . Then for any X, Y ∈ Γ(T M 1 ) and Z ∈ Γ(T M 2 ), we have from (4.13) that
Subtracting (5.4) from (5.3), we get
From (4.16) and (5.5), we get (5.1) Conversely, let M be a proper pointwise bi-slant subamnifold ofM . Then for any X, Y ∈ Γ(D 1 ⊕ {ξ}) and Z ∈ Γ(D 2 ), we have from (3.5) and (5.1) that
Since θ 1 = θ 2 , the leaves of the distribution D 1 ⊕ {ξ} are totally geodesic in M. Also, for any X ∈ Γ(D 1 ⊕ {ξ}) and Z, W ∈ Γ(D 2 ), we have from (3.6) and (5.1) that
Using trigonometric identities on (5.7), we get
By polarization, we find
From (5.8) and (5.9), we obtain g([Z, W ], X) = 0 and hence the distribution D 2 is integrable. We consider a leaf M 2 of D 2 and h 2 be the second fundamental form of M 2 in M. Then from (5.8), we obtain
Therefore, we get h 2 (Z, W ) = −∇µg(Z, W ), where ∇µ is the gradient of µ and hence the leaf M 2 is totally umbilical in M with mean curvature vector H 2 = −∇µ. Since W (µ) = 0 for any W ∈ Γ(D 2 ), we can easily obtain H 2 is parallel corresponding to the normal connection D θ 2 of M 2 in M [36] . Thus M 2 is an extrinsic sphere in M. Therefore by Theorem 2.2, we conclude that M is locally a warped product submanifold. Thus the proof is complete.
6. An inequality for warped product pointwise bi-slant submanifold
In this section, we establish a general sharp geometric inequality for a mixed totally geodesic proper pointwise bi-slant warped product submanifold of the form
Let M 1 × f M 2 be a warped product mixed totally geodesic proper pointwise bislant submanifold of a Kenmotsu manifoldM such that ξ ∈ Γ(T M 1 ). Put dimM = 2m + 1, dim M 1 = 2p + 1, dimM 2 = 2q and dimM = n = 2p + 2q + 1. Let D 1 and D 2 be the tangent bundles of M 1 and M 2 , respectively. Assume that {e 1 , · · · , e p , e p+1 = sec θ 1 P 1 e 1 , · · · , e 2p = sec θ 1 P 1 e p , e 2p+1 = ξ} is a local orthonormal frame of D 1 , {e 2p+2 = e * 1 , · · · , e 2p+q+1 = e * q , e 2p+q+2 = e * q+1 = sec θ 2 P 2 e * 1 , · · · , e 2p+2q+1 = e * 2q = sec θ 2 P 2 e * q } is a local orthonormal frame of D 2 . Then {e n+1 =ê 1 = csc θ 1 Qe 1 , · · · , e n+p =ê p = csc θ 1 Qe p , e n+p+1 =ê p+1 = csc θ 1 sec θ 1 QP 1 e 1 , · · · , e n+2p =ê 2p = csc θ 1 sec θ 1 QP 1 e p }, {e n+2p+1 =ẽ 1 = csc θ 2 Qe * 1 , · · · , e n+2p+q =ẽ q = csc θ 2 Qe * q , e n+2p+q+1 =ẽ q+1 = csc θ 2 sec θ 2 QP 2 e * 1 , · · · , e 2n−1 =ẽ 2q = csc θ 2 sec θ 2 QP 2 e * 1 } and {e 2n , · · · , e 2m+1 } are local orthonormal frames of QD 1 , QD 2 and ν respectively. 
g(h(e i , e j ), e r ) 2 .
Now we decompose the above relation for the frames of D 1 and D 2 , as follows
Since M is mixed totally geodesic, the second term in the right hand side of (6.2) is zero and decomposing the remaining terms according to (3.4) , we obtain
g(h(e * i , e * j ), e r ) 2 .
Next by removing the ν components in (6.3), we have
g(h(e * i , e * j ),ê r ).
Since we could not find any relation for g(h(e i , e j ),ê r ) for any i, j = 1, 2, · · · , 2p+ 1, r = 1, 2, · · · , 2p. And g(h(e * i , e * j ), e r ), for any i, j, r = 1, 2, · · · , 2q therefore, we leave the 2nd and 4th terms and get In view of (4.13), (6.5) yields Since M is mixed totally geodesic, we have (6.7) g(h(e i , e j ), e r ) = 0, for every i, j = 1, · · · , 2p + 1, j = n + 1, · · · , 2q. By virtue of (6.7),we have from (6.6) that for any X ∈ Γ(T M 1 ) and Z, W ∈ Γ(T M 2 ). By Polarization of (6.19), we obtain (6.20) g(h(Z, W ), QX) = (P 1 X ln f )g(Z, W ) + [(X ln f ) − η(X)]g(W, P 2 Z).
Subtracting (6.20) from (6.19), we get (6.21) g(h(Z, W ), QX) = (P 1 X ln f )g(Z, W ).
From (6.18), (6.21 ) and the fact that M 2 is totally umbilical in M ( [6] , [8] ), we can conclude that M 2 is totally umbilical inM . Thus the proof of the theorem is complete.
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